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A logical analysis of word problems provides an hypothesis about the kinds of knowledge that

may be necessary for solving multi-st:ep word problems: Knowledge of the overall pattern of
relations In a problem may function in problem solving apart from knowledge of the particular
entitles and the local relations in which they ,participate. This overall pattern or structure

I determinei equivalence classes of problemsptiofilems whose solutions differ in the specific
matheinatical operations allised 'but are of similar difficulty.

To illustrate this analysis we introdtice a notation system for one-step word problems and
then describe two-step word problems accordingly. Experimental results are then presented that
verity the psychological validity of the analysis.
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Structural Differences Between Two-Step Word Problems'
Valerie L. Sheila and Nancy V. Bee

Learning Research and Development Center
University of Pittsburgh

1985 Meeting of the American Educational Research Association
Existing analyse- of problem solving knowledge involve either the rational decomposition of a

task in terms of the procedures required (Gagne, 1963) or the Identification of components of a
problem solving model that are sufficient for solving the task (Green, 1976). We present a
logical anainis of word problems that provides additional hypotheses about the kinds of
knowledge that may be necessary for solving multi-step word problems: Knowledge about global
problem structure may affect problem solving SUCCCS.S. Our analysis of two-step arithmetic word
problems Is based on possible logical combinations of one-step word problems. We build on
previous analyses of one-step word problem, but emphasize the importance of the overall pattern
of relations between quantities in multi-step word problems. The general importance of
knowledge about patterns of relations between quantities has been Identified previously in the
context of the geometry problems first studied by Wertheimer (1945/1959) and later by Greeno
and Anderson (Green, 1982). We suggest that knowledge of global relations in a problem may
function in problems that are not particularly spatial In nature, and that these global patterns of
relations constitute knowledge apart from knowledge of the particular entitles involved and the
local relations In which they participate. This (Werth pattern or structure determines equivalence
classes of problemsproblems whose solutions differ iin the specific mathematical (Operations

utilized but are of similar difficulty.

In the following sections we first introduce a notation system for one-step word problems.
Then we describe two-step word problems according to this notation. Next we present
experimental results that verify the pay. ,logical validity of the analysis. In the final section we
speculate on the representation of problem solving knowledge that could account for these results.

One-step word problems

The analysis begins with the Identification of some basic types of quantities and relationships
used In one-step word problems, many of which have been extensively analyzed hi the cognitive
literature (Riley, Greeno & Heller, 1983; Schwartz, 1976). These particular relationships ace
meant to be Illustrative, rather than exhaustive, and many more could be identified, We selected
tour different relationships for description here and defined corresponding notation for them:
simple additive combination, a simple multiplicative relation involving a single Intensive quantity,
multiplication involving three intensives, and multipilcative comparison.

We propose the following notation for part -whole set relations In additive combination
problems, illustrated in Figure 1. Each quantity is represented in a box with a rectangular top.
Each quantity box has a name (In the upper portion of the box) and a value (in the lower portion
of the box). 'The three quantities in one-step additive combination word problems are represented

1This research was eponspored by the OMee of Naval Remateh, ender Contract No. N00111442-K-0411i. We gratefully

acknowledge the guidance of JUMP Greeno, and helfpul interactions with Mask Detmoiler, Matt Lewis, Ernest Rees and

Charles Perfetti.
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in a triad: the whole quantity is at the top and the two parts are at the bottom.

Figure 1 shows two different word problems and their notationa according to the same part-
whole structure. The problns differ In terms of the role in the structure of the quantity with
the unknown value. A problem whose solution Is obtained by adding is represented by a triad In
which the values of the two parts are known and the value of the whole is determined by moving
up the triad and adding the known values, A subtraction problem Is represented as oqe in which
the values Of a whole and one of the parts are known and the answer is obtained by molving domn
the triad, subtracting the known part value from the known whole value.

One relationship involving multiplication uses intensive, non-additive quantities that relate
two extensive quantities (see Figure 2), The mnitiplicative triad Illustrated here involves
extensives asaociatcd by groups or colleelons (e.g., wagons and traits) ami an intensive "mapping
function" quantitatively relating the two (e.g., wagons in each train). 'As ",ove, extensive
quantities are written In boxes with rectangular tops. Intensive quantities are written in boxes
with semicircular tops. Triads for three different word problems, according to the selection of
known and unknown quantities, are shown in Figure 2. Note that there are two types of division
problems, one for determining the value of "wagons per train" given the values of "wagons" and
"trains", and another for determining the value of "trains" given the values of "wagons" and
"wagons per train".

A second multiplicative relation refers to two grouping relations, involving, for example.
horses and wagons (grouped as honer per wagon), and trains (which group the wagons, as in
wagons per train). This introduces a new quantity, horses per train. The relation shown In
Figure 3 Involves three such intensive grouping quantities. As with the multiplicative relation
just described. thia structure generates one multiplication problem an4 two different division
problems, depending upon the role of quantities with known and unknown values.

A third multiplicative relation involves a comarison between extensives. In this triad a box
with a hexagonal top is used for the comparison factor "times more white eggs than brown eggs",
as shown in Figure 4. One of the extensive quantities, "white eggs", is at the top, and the other
extensive quantity, "brown eggs", is at the bottom. As with the other multiplicative relations
described above, there are two types of division problems, depending upon the role of the
unknown.

Two -step word problems

Two-step word problems can be modeled by combining two of these triads based on local
relations. Each of the different ways of combining these triads constitutes a different global
problem structure. For example, the 'following problem is derived from a hierarchical
arrangement of triads (shown In Figure 5) which we call a hierarchical structure:

A neighborhood is planning its annual cat show, There are 72
siamese, angora and persian cats altogether, and 26 bf these
are persian eats. If 24.of the cats are angora cats, bow many
siamMe cats are there?

There are two other ways to combine binary triads (shared -whole In Figure 6 and shared-part in
Figure 7) and these are exemplified by the following problems:

A sporting goods shopkeeper is checking her inventory list. She
has 13 soccer and tennis balls altogether, and 9 golf balls. If
14 of the balls are soccer apd golf balls, how many tennis balls
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dote she have?

Robert Is fixing attacks f4-)r his men's club meeting. Ile has 206
lOnin and rye eraekers Oh t og ether, and 1111 of these are rye
crackers. If Hobert has 324 onion, rye and wheat crackers
:, Ater, how many rye mid wheat crackers are there?

These different sarttetural patterns also pertain to triads bmed on other WM relations; suck as
the shared-part structure based on one unthipileative And one additive relation, shown In Figure
8, The several problems shown In th:s figure illustrate the idea of equivedenre dosses of
problems derived from a common problem structure. MI of these problems differ In terms of the
role played by the vantities with known and unknown values, and the npecific mathematical
operations that are used to solve them, but they are all derived from the same structure.

The experiment reported below tests the hypothesis that problem structure -stir the overall
pattern in which Quantities are organized is a significant factor in problem solving weeks and
hence the problem solving proceL's It explicitly roam the hypothesis that ecetivairnee classes of
problems may be defined on the basis of problem structure, although different operators and even
quantity types may be Involved. Elementary school subjects attempted to solve the 34 problems
involving additive and multiplicative relations in Table 1 within a limited period of time, with
percent correct and written problem solution as the dependent measures.

Method

Subjects. 82° Falk Elementary School third, fourth and fifth grade students participated In the
study. Because Falk Omits students to study advanced math if they are able, the ultimate
grade assignment was based on the textbook that a subject was using at the time of testing.
Textbook levels ranged from grades three to seven.

Design. Word problems were generated from 11 problem structures, summarized in Table 2.
These structures were obtained by crossing triads of operator type (two additive, one additive
and one multiplicative, or two multiplicative) with problem structure (hierarchical, shared-whole
quantity or shared-part). In all cases the additive triad concerned simple combination. In mcket,
cases the multiplicative triad concerned simple multiplication. The 'exception was the use of a
multiplicative comparison in the "shared -part" multiplicative problems. To ensure that this cell
did not differ simply because ofthe use of this relation, other problems pare designed in which
the 'shared-part was an Intensive quantity. However, these problems were also exceptional
because they contained an assumption that the Intensive was appropriate for both types of
quantities, e.g., that there are the same number of roses In red bunehei of noes as in white
bunches of roses.

Materials. The thirty-four word problems that represent eleven problem structures with their
variations are presented In Table 1. Each, cover story consisted of a setting line that had no
quantitative information In it. For example: "A sporting goods shopkeeper is checkineher
Inventory list or "A neighborhood Is planning Its annual cat show ". The next line of text gave
the two quantities that enter Into an appiopriate first step, In language that was as terse as
possible to control for biases within problems due to text wording. The final line text
introduced the third quantity and the question. Because of the terse language and great difficulty
in selecting and ensuring that adJectiveelwert 'unambiguously non-overlapping, the word
"altogether" was used syatemitically to clarify the situation as much as possible.
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Mot of the word problems etudied here can he eolved lining one of two competing
coueeptualiratione. In general, end iiiiietrated in Figure il, hierarchies; problems can be railved by
eiternative hierarchies. Shared-whole quantity problem can be solved by correeponding shared,
part structuress. Special shared-part probleme can only be represented by other thareti-part
struetairer them In which the two outer parts overlap conceptually, although they are not
illuetrated as Stith In the network. TO ensure that a anblect must attempt an aelditive shared-
part problem, special shared-part protilems moat be utilized, Word order was used to bias a
simpler or preferred structure. Pew example, %go order on the convertittle shared.whole problems
WW1 biased toward a sharedwhole conceptualization by arranging the first two quantities Mr this
structure In the first quantitative sentence.

To unconfound !structural pattern with number facts, number net was cromed with problem
strueture, inasmuch as possible. Three number nets were available foe additive and multiplicative
word problems and four were avallabit for mixed problems to be aimed with hierarchical,
shared-whole quantity and sharedpart structures, Beeline the different patterns required
different relationship% to be calculated, each structure could not atcomodate exactly the same
numbers as another structure. Rather a teirribse set Is best rtigatdert as a number family, which
was applied as appropriate to struettietee'requiring some adjustments to fit a structure, In cafies
where the use of a number set was locompatible, suitable numbers were utilized at random.
There were therefore three different versions of the problem set, each utilities a different
melignineet, of number family to problem structure.

Throat were ten different random orders of the 34 problems to prevent order blames in solving
the problems and to ensure that each structure had an equally 'likely opportunity to be
attempted.

reeelt of the 30 different problem sets (10 orders x 3 number sets) were presented In booklets,
with me problem at the top of an otherwise blank page.

IVacrdure. Subjects were tested in the classroom during a 40 minute melon. They were
instructed to de) as many problems as possible and to show the relevant work. This included
showing work for only part of a problem If that was all they could do, or !tipping a problem that
they could riot do.

Results

l+eliminary Analysis. Subjects were grouped by textbook level and the problems were scored
as attempted, skipped or not attempted, with the latter categorization applying for all problems
following the last problem with written work. Attempted problems were scored as correct,
partially correct or incorrect. Correct problems had completely correct answers, or a complete
sequence of mathematical expressions that may have Included a mathematical error. Partially
correct problems had at !net one correct expression along a possibly correct solution path.
Partial credit was not assigned to individual numbers not supported by evidence of a
mathematical expression. In all other cases a problem was scored as incorrect.

Because subjects di:not necessarily attempt the same problems, the male* of variance was
performed on proportion scores consisting of the number of correct answers aver the number of
attempts. Thus, for each text level there was a net of 34 proportion scores, one for each problem
in the design. These scores were transformed according to the following formula: aresin (sqrt(x)).
The transformed scores were submitted to a two-wriy, three rc three analysis of variance of
problem structure by operator set.

6
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In the following 1.11144,CtiOTI we firs 4 deaeribe general performance atoUstics across all problems
by text level, including the nurnber of problems attempted and the probability of success given an
attempt. Then, in the five following subsections we treat each grade separately and consider the
significance of structure, operator set and structure x operseor set effects . vin general, the
structurctlfect was always stolficaut with the effects of operator set and the interaction varying
by text level.

General parr fora elatiefics. The average number of problems attempted per child and
the probability of StICOOSS given en attempt changed across text levels. Third graders and fourth
graders attempted about the same number of problems (13.33 and 13.26 respectively) but fourth
graders showed a higher probabllity.of success (.00 and .20 respectively). pitth graders attempted
14,81 problems each with a .40 probability of success given an attempt. Sixth graders and seventh
graders performed similarly, having attempted an override of 21,1 and 21.2 problems each with a
76 and .73 probability of sileceas respectively, This similarity In performance persists in the
more detailed analysis presented below.

Third grade text level performance. The summary pro Non stores of the 12 third graders
are presented in Table 3. The scores. presented in each e I are collapsed term the several
members of the equivalence class in that cell. Table 2 m be 'consulted for the number of

riproblems in each cell. The scores presented as row and column totals are derived from the total
number of successes over the total number of attempts iff that se tion.

The individual proportion Scotts for each problem were transformed and subnitted to an
analysis of variance. The effect of structure was significant, F (2, 26) isek 4.06, p < .06. The
effect of operator set was not significant, F (2. 25) gat 1.36, but the interaction between structure
and operator set was significant at this text level, F(4, 26) sie 4.72. p < .01. we,

Fourth grade text level performance. The summary proportion scores of the 26 fourth
graders are presented In Table 4. As previously described, the individual proportion adores were
transformed and submitted to An ensiyais of variance. The effect ofltructure was sivilficant, P
(2, 25) .. 4.6, p < .025. The effect of operator was not significant, IP (2, 26) ma .61, but the
Interaction betWeen structure and operator set was significant, P(4411) 5.42, p < .01.

Thus, although fourth graders performed somewhat better than the third graders overall,
their performance patterns are similar, with both showing a significant effect of structure and a
significant Interaction between operator set and structure, with no main effect of operator... .

Fifth trade text level performance. The sqptmary proportion scores for the 27 fifth graders
are presented In Table 5. The proportion scores for each problem were transformed and
submitted to an analysis of warlance. In this text level both main effects and the interaction were
significant, P (2. 25) .e, 4.86, p < .025 got structure), P(2, 25) u 4.97, p < .025 (operator set)'
and F(4, 25) l'Alg t 3.00, p < .025 (structure x operator set). This pat' ern of performance is unique
to this text level.

Sixth grade text level performance, The summary proportion scores of the 10 sixth graders
are presented In Table. 6. As above, the proportion scores for each problem were transformed and
submitted to an anoints of variance. Only the effect of structure Is significant, P(2, 26) ese 4.30,
p < .026 sad F(2, 25) mg 1.7 (operator set), F(4 , 25) see 1.71 (structure x operator set).

Seventh grade text kve; performance. The summary proportion scores of the 7 seventh
graders are presented In Table 7. The analyals of variance of the transformed problem scores
indicates a pattern of performance identical to that found at the sixth grade level; only the effect
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of structure siaeineant, F(2, 25) gill 7.54. p < .01 and F(2.?5) as 1.89 (operator set) and F(4.
25) .. 2.02 (structure roperator set).

Summate and additional performance features common to all WI level& Thin, in all text
levels there was a slanificant main effect of problem structure. In text level" 51x and seven thie
was the only significant effect. In text level.; three and four there. was Writ) a eignificant
interaction ha text level five there was slew both a significant interactaan and a main effect for
operator Set

By examining Tables d - 7 it appears that the main effect of structure is due tr. +vantage

of the hierarchical problems. Not shown In the tehlee, but apparent in the are
differences in success probabilities between the two different mixek: operses. A. irchlee. It
appears that gene cell of purely additive problem (cell 1.3the additive shared -curt problerw :1

convistently harder than one :ell of purely multipilestive problems (cell 3.1the multiplicative
hieearchical problems). It also appears that the source of the inter-Led-on effecte is Sue at lee In

part to the advantage that ratio problems (cell 3.3) have in comparison to the other problems
wit* a 3ilared.part structure.

Diseuoolon

ire 0115 experiment, we dealemstreited the psychological validity' of the etrneturai analysis for
two-step word probleine. 1"bet is, for all grade levels problem zaructureth.e overall pattern of
re:latione between the quantities in the probtemhaa an effect eta problem solving success. Of
course, these results axe not sufficient for els:10114 the rale of probiein structure in the problem
solving protese. However, there Is good reason to believe that the problem structure effect luta
somethieg to do with knowledge. According to our preihninaty analysts of textbook problems,
the easier hierarchical structures are in fact practiced more than the harder struttures, except for
the ratio structures, which also yield high success rates. .in addition, the val. of mixed operator
hierarchies consists of two different hierarchies; the more practiced hierarchy yields greater
problem solving success, Should this effect be entireti due to practice, it Is still essential-that a
theory of problem leaving in this domain accounts for differences hi problem solving success on
problems that differ in the sequence, In which the steps are executed; this Is, on time inspection,
one way of describing the difference between problems derived from different et7ctures.

Further analysis of the existing data may clarify the rote of problem structure in problem
solving. Each Individual structure might be thought of as a schema, in which the types of
quantities involved and the local relations Litter men them are represented with the additional
information about the Way in which the five quantities are arranged; aecordh3g to the three
possibiliteeelliuminated by our structural analysis. ThL$ oche liut might be thought to guide
operator selection in the warner of procedural attachment (Bohm, 1 Winograd, 1977). Further.
particular problems within a structure rosy he thought to yield differential success depending
upon the association between the schema and the required operator. Such as explanation would
be supported by patterns of performance within Individual subjects such that correct responses
are clustered withinrather than spread betweenstructures.

We are intrigued by the changes in performance across grade levels. Of course, since we
cannot explain the general effect, our pea hoc speculations *Vain grade changes are even More
tentative than usual, Nevertheless, we do wish to point out that performance at the two bighest
text levels Is quite different than performance at other levels since they are both more successful
and show only a main effect of structure with no interaitIon. The schemes that operate here may
not represent individual. structure-local relation combinations but rather patterns that are

IN
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independent of local relations. Should this speculation prove correct, we emphasla the fact. that
the subjects hi these groups are not true sixth and seventh graders, but rather advanced fourth
and fifth graders classified by textbook level. Differences in performance may therefore be due to
either general increases in expertise or the special talents of these subj ects,

,Summary

We have described our analyels of problem structure broied on the possible is it:al
combinations of one-step word problems to generate twcestep word problems. We providsd
evidence that the different problem structures define equivalence classes of problems and affect
problem solving difficulty. The ogler possible effects (operator set and structure x operator set)
were differentially significant across grade levets. We suggested that further analysis may
support the idea that each problem structure consitutes an Individual schema that &aides
operator seleetion and hence problem solving success.

Rzferences

liobrow, D. G., & Winovail, T. (1977). An overview of ICEL, a knowledge repreeentstion language.
CognitiOt Spignee 1, 3-48.

Gagne R. M (l M). Learning hierarchies. Refutations' Pagehototiot, 8,

Green°, J G. WM) Cognitive objectives of instruction': Theory of knowledge for solving problems and
onswering question, In D. Kis& (Ed.), cognition anal inotruction. Hillsdale, N. J.: Lawrence
Erlbsum A.esociates.

Green% J. G (l 982) Forms of understanding in matbematical problem solving, In S. Pails, G,
Olson ti, W. Stevenson (E4a.), Learning anti motivation in the tiootroons. Hillsdale, N. Jr;
Lawrence Eastern Associates.

Riley, M S,. Greeno. J. G. & Heiler, J. I, (1983) Development of children's problem solving ability in
arithmetic. In H. P. Ginsburg (Ed.), The development of mathematical thinking. New York:
Academic Press.

Schwartz, J 0978) Semantic aspects of quantity. M. I. T. Division for Study and Research in
Education.

Wertbeimer, M. (MO) Productive thinking (enlarged edition). New York: Harper (fizze edition
published MS).



Table 1

word Problems Used la the Stedy

Proarreede With Tloo Relpitema

Hierarehiee e't (Alum

A neighborhood t planniag Ile annual cat ;show_ There are 22 511xnele. savers and perslau cote
Altogether, and 6 of these are perelan cats. If 9 of the cats are angora cats, how many slarnese
cats are there*

Jenny t buylog ciendles to nu her candy jar, She buy, 26 Ilene cow'l's sod 35 cherry candiee. ff
Jenny buys 32 grape candies, bow many lime, ebetry se,d grape c-ao4les will the have aItogethert

Shored-whole Problem*.

A sporting shopkeeper Ls checkiag her inventory tLst, She has 114 soccer and tennie baits
altogether, and 62 golf balls, if 1,17 of tie bails are soccer and golf balls. how may Wattle bails
dots she have?

. Jim is preparing breakfast orders for his diner customers. He has orders for 16 scrambled and
fried eggs altogether. and for 5 bolted eggs. if 11 of the orders are for fried ego, how many
orders ate there for scrambled and bolted eggs altogether?

Shared-Fart Problem

Susan Is counting tfie stickers in her collection She has 205 sniffy, puffy and fuzzy flickers
altogether, and 122 of these are sniff and puffy stiekers: If 162 of the stickers are Nay and
sniffy stickers, how many shifty stieke$ does she have?

Robert to fixing snacks for his meals elnh meeting. He ?Ike 20601110u and rye crackers altogether.
and 116 of these are rye crackers, If/ Robert has 324 *akin, rye and wheat crackers aitogethtr,
how many rye and wheat crackers are there,

Maggie picked up her family's eiothing from the elearkere. She brought home US white 3.4d blue
shirts altogether, and 9 of these are white shirts, gef:ii of the shirts are white and pink shirts.
how many white, blue and pink shirts did she bring !roam sitogelber?

Greg is counting the records Ir his collet-lion. He has 72 country, roek, and soul records
altogether, and 46 of thew are (=entry and rock records, if 28 of the records are country records,
bow many -euary and soul records does he have altogether?

Pfnefirma with Owe Additive mid One Aisitipliestive astest

llie-eareheeni Prehione rirrit I

Mr. Brown is planting fruit ifea to his orcharde. He plants 30 rows of peach trees and 25 rows of
apple trees. If there are 16 teems M each row of teem how many peach and apple trees does Mr,

Brown plant?

Tom B.yestoektos the shelves in his grocery store, He has 840 diet and reviler cokes altogether,
and there are >3 cokes in each carps of cokes, If thie snakes 65 cartons of regular coke. how wavy
cartons of diet`coke does Tom have?

The Ace Building Company Is drawing plans to build a sports field. They plan to install 22 Noes

I0
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witb red welts and 18 row with blue exam, If there sre 400 red and blue teats alkv,ether, how
allay !MU there be it" each row of seats?

Pe tigy 1.3 pintail; rfiwer 14-e*d.i bet` garden, She has 17 4r.kages of petunia and inatisoui seeds
eiwitether. azd 8 ot thesepackages are petunia :eerie. if there are 99e, marigold eted.e altgether.
how many seeds are in each paikagee

thersrekieat Proilente

The Rea/Jigs* Railroad Compant t trying tcb decide It if has enough seats on it. trains There art
4 ters of first class its on its trains, and 14 seams In each car of mats, of there are 108 arse and
second ,:tue seats altogether. how may second clams seats are there?

Grandrna Claueen is making Mettles tbis spring. There are 100 pickles !o each barrel of pickles

and 3 barrels of dill pickles.. If there are ZOO sweet pickles. how many dirt and 3wAtei, pickles Ls .she

making altogether?

The cook for Camp Pocono 45 putting to.ether a it salad using canned kult He uses 240
purple and yelloie plum altogether. and 184-i of time are yellow plums If the purple plants came
from 5 caw. hew many plums set in each can of pinols?

June delivet, morning and evening newspapers, Thercue 140 morning and eveniog newspapers
slwgether end 60 of theSe ut evening newspapers: if there are 20 newspapers in each bundle of
newspapers. how many bundles of morales newspapers dote She deliver?

Shored.whaie probienu

Mr. Candyrnan votiplas hie jelly beam in jam He has 240 mint jelly- beam and WO spice jolty
toms, it there are 60 jelly beans Welch jar of jelly beans, how nsany jars of spice ane4 mint jelly
beans does he bre altogether! .

'gybes Girl Scouts an selling cookies for their annual fund ralser, There's:* 24 cookies in each box
of cookies and 34 its of chocolate and vaniiiiircoJkle3. If there ate 366 vanilla cookies' in these
boxes, bow alloy chocolate cookies are there?

A fruit reiarket owner stores his grapefruits in bins. He has 12& pink grapefruits. and 175 white
grapetruitm. If be has S bins of pink \iindetehite grapefruit.* how many grapefruits are in each bin
of grepefniiese

Sharedapurt proilterta

Peggy i3 planting flower seeds in her garden, She has 17 packages of petunia and marigold seeds
ailogether. and 8 these packages are petunia seeds, if there ea 990 marigold seeds altogether.
how mazy seeds ate to each pat kaget

Paul works in a donut shop. He made 72 gl.-tat,,i donuts and put 12 donuts la each box of eouts
if he made 14 boxes of Listed and powdered donuts altogether. how many boxes of powdered
donuts did he make?

Mrs. Bell baked homem.ade buns for a family` gathering, She baked 411 sesame buns and put 6
buns so each packages tlf buns if Mrs, Bell made 4 packages of plain bung. how many packages
of mime and plain buni are there altogether? .

Sally Is wrapping dishes In paper towels. She has if rolls of yellow and green paper towels
aitogetber. and 6 of these are roas of green paper towels. If there are 180 paper towels in each



roil, how many yerfe4 paper towels does Sei h.sve!

Pkittaitao 10044 roo Meiltipiteak

Hierarchical tethers/

nelatioris.

Jackie looklog at the photos in her photo eibuirg.1 Sh botos altogether and 4 photez.

can be tit on earl ;fie of photos If she bat th pages is; tiv.-4 atimu of pholOS, bow many towns
of photos dote she have?

The childrett'S baseball committee 0, orgsztring the players Imo teatt1.1 and lengtiet. There are 90
children altogether, and 9 childiels oa eaten teauf, If there we 2 leagun. how maay teems ye
there in each league?

A watern club is planning to ems the .
Jailed States in celvere4 wagons. There are 7 wagons in

each train. and 3 trams, If there are 4 horses for each wegon, how many horses will gore be

A Milt dealer is patkaging beriies for sale, There are 3 cw of berries and &cartons of berries
in er.ch cam if there are 440 baffles, how ma Y berries are there In each meant

Shared.soheit prakierrie

The members of the model train club made houses At of popsicle Wets for their next display.
They male 3Z houses. using 8 popsicle sticks for etch house: If there were 7 members altogether,
how min popsicle sties did each member have in the heti) uting?

Dr. Wizard has discovered *group ef monsters thin In a dark cave in South America. He has
mental 7 musters and there are 6 gets on each muster. If he has (emitted t4 monster land&
how may flaws to there on each monater bud?

The Pittsburgh retina= ilepaxtment adds to' Its pontb every year. There ere 3 parks
altoetther. and 200 fish iA each park It there are ICA fill in each pond, how many ponds are

there?

Sam t.4 making meat sandwiches for children going out school picnic He is mak.ing 60 .

sandwiches using 2 slices of meat on each sandwich. light planned on using 4 OM uf meat for
each child, how muy children is be expecting?

Sharciipart pre:elms TYPZ PROM= tifilM DettssArts

Canny is selling bunches of roses for her garden club. She has 18 bimetal of red rases and 6
bunches of white roses II there are 72 red roses, how many, white roses does GU :my have?

An egg ?arm is selling brown sad white eggs by the cartons They have giS white eggs sad 4
brown eggs. If there are 4 cartons of brown ego, how many cartons. white eggs arc there'

Sharecivart ptehlents TWE s RAM flOBLEIDI

Andy is mixing punch for party. He metes 6 ems of orange juke and 2 tans of pineapple juice,
It Andy uses 8 cans of pineapple Mee for a bluer hatch. how muy cabs of ora:Ae Mee he

use!

Deborah reedit the birds ID a pet slop. She makes special bird seed with 10 hags of sunflower
!efts and 2 bags of flax seeds. it Deborah makes the special bird seed Tulin 40 bags of s-mflower -

seeds. how many Lo.gs of flax seeds wilt she use?

')
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7 Table 3

T h i r d Grade T e x t Lai v;e1

StrueZure Type

Hierarchy Shared-whole Sharedvart
-

Operator Set

. .

P 6

....

I

.44 0

0

xJc .22 0
it_:,I1

Column Total
.

.15
jit

_....

.!

4--

Operator. Set

A t
....r.1,di.... ,

.

a

.
......"

Row Total
_.,.i

I .. / ....t.....1.-..4

-...,e,i,--1

....,:c:

0 .11 ...i.-..-- -.4

.4.,.....,...,

......-. .

-.,. r 4'

....

.06 .03 ...: !...

..;)..-. .

.10 .10
,..1%7

-:',' ..,"

.
'.,. .3

e , :.,1
-0-

.;:f1:-:
,.,5,4

......1='

. ...is,-.; -

Table 4

Fourth Grade Text Level

Hierarchy

.75

/
I

_
,

+ix .21

,
x.x -k .17

.

......,....

Column Total .30

Structure Type

Shared-whole

.12

.23

.,. .14

.19

Shared-part

'1.05

.19

- 1
.13

.10

Row Total.

.29V

.19

.15

.20

14
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Table 5

1Pittli Grade Text Level

Structure Type

.r

AY

cN

Operator Set

+5+

Hierarchy

79

Shared-whole

.56

Shared-part

Row Total

.49

." 7;4;

-4214z

-s;

+,x .44 .45 .46 4 .44

43 .14 1 .35 .28

Column Total .34 .37 .40

Table 6

Sixth Grade Text Level

1 Stricture Type

Operator Set

Column Total

Hierarchy Shartil-whdre Shared-part,

4

I

Row Total
.

..22

.88

.88

.77

.46

.73

.70

:82 ar
:

.83 .60 . .78 .7.4

-.V

.87 .72 .06 76

15 No
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Operator Set

+,+

+,x

Table 7

Seventh Grade Text Level

4 "Structure Type

O

Hierarchy Shared -whole Shared-part

.82

Lot)

Column Total .88

I

Row Total

.67.

.86

.59

.70

t 1

.44

.47

.82

.58

.62

.75

.80

. .
-; ;11:tin'

16
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)111101

1:71.m.""wIllie ""al
Jenny b buying .eandy. There are 11 Zhu oandles
and 4 grape candles. How many time and grape
candles aril there altogether?

a.

110111111114

.111.
Jenny is buying candy. There are 12 lime and grape
eP-- tea altogether, and 4 of these are grape candies.
How many lime candies are there?

Figure 1. A network notation for two different additive combination problems.
O

17
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311w 1141.1*

tor yk
A western club Is planning a trip In covered wagons!.
There are 7 wagons in each train and 3 trains. How
many wagons are othere?

41111Nik

A western club is planning s trip kt cove*
There are 21 wagons and 3 trains. . How

wagons are there In each taint

wagons.
many

/

m mi EN inuMINIEM

A western club is planning a trip ik covered wagons.
There are 21 wagons and 7 wagons in each train.
How many trains are there?

Figure 2. Network notation for three different simple multiplication problems.
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41

A western club is planning a trip In covered
There are ? wagons in' each train and ,41 horses for
sack wagon. How many horses lire there' in each
train?

r:TT71:7177Tc7- AOMNit
IMMI

4)W IN

411111111110

-I- 7-13 -;-'11111111111M I 1-7'7.-Aiiin
inMmlisimiNINNINMIN

311100

A western club is.jpiagalas trip in covered wagons.
There are 28 horses in each train and 7 wagons in
each train. HoW Many horses are there for ow
wagon?

ti Ned.
A western club is planning a trip: lie covered wagons.
There are 28 horses in each train and 4 horses for
each wagon. How many wagons are there In each
train?

Figure 3. Network notation for three different multiplication problems with three
intensive quantities.

19
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COW
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4 'AI

0
An aft farm is selling brown eggs and white eggs.

has 4$ brown eggs and 2 times more white eggs then

brown eggs. How many white eggs does it have? ,

tfE^11
An egg Tara Is selling brown eggs and white eggs. It

has 96 white eggs and 3 tithes more white eggs than

brown eggs.. How many brown eggs does it have?

3110. 0L-

: An egg farm is selling brown eggs and white cps. It
has 96 white ego and 48 brown eggs. How many
times more white eggs ;at brown eggs does it have?

Figure 4. Network notation for three multiplicative comparison problems.
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A nsighborliood is planning Its annual cat show. Thou are 72 dames*,
Melia and Peralan eats altogether. and VI firths*. are 5-ersian eats. 11 24

of the cats *DAUM cats, how msbY iIaa cats us there?

"

0.

0

Figure 5. An additive hierarchy formed by stacking twO additive triads.

BtST COPY AVAILABLE ..y
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A spotlit goods shopkeeper Is checking her liveitory list. She has 13
Weir and Mils bblb tateigither, LA S golf if 14 of:the balls are
soccer and golf bans, how many Wails balls does s, a have?

d

Figure 4, An additive shared-whole structure formed by two additive Wads that share
the same whole quantity.
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Robes is Nu sucks ft* Ws attars club meeting: tie has .006 anion, and
rye crackers sitogether, and 116 of these are 'rye* crackers. It Robert has
324 onion, rye ,and wheat crackers altoiether, how many rye and wheat
crackers are there?

M.

Figure 7. An additive shared-part structure formed by two additive triads that Mart
the same part,.
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Paul works In a donut shop:-: lie made 14 boxes of
glazed and powdered donuts and 8 of these boxel
were powdered donuts. If be put 12 donuts In each
box, how may glued donuts did.he make?

Paul works In a donut shop. lie made 14 boxes of
glazed and powdered donuts and .8 of than boxes
were powdered donuts. U te made 72 glued
donuts. how many donuts are there In each boxy

24

*le

BEST COri AVAILABLI

vroollmonas

Paul. works Is a donut shop. Ile Made 72 glued
donuts and put 12 donuts In each box of donuts. if
be Made 6 boxes of powdered donuts,. how many
boxes of powdered and glazed donuts did, he make
altogether?

.lemovirasimmion../ moc.a

illaiK101.1.111%

, Paul works l n a donut shop. Ile made 72 glazed
&sets and pv.t 12 donuts In each box of donuts. If
be mokl:emie boxes, of glued and powdered donuts
altogether, bow many boxes of powdered donuts did
be make?

!Figure 8. The equivalence Clan of mixed relation shared-part problems.
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Jaelds is looking at the photos hi her photo Warns. She has 300 pisotoo
altogether sad 4 photos eon be At) on itirl pep of photos. if she has t5
pages is each alb= of photos Ws* Sway siboxas of photos does she have?

U

Figure 9. CoaverUag maltiplicsalve hierarchical problem.
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